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A four-phase process and three principles for building
a mathematics learning community use
rich discussion of student work.
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o0 begins a typical day in our university precalculus classrooms:

Susamn: Jason, do you think that is right?
Jason: No, I think it should be 0 minutes, because everything is 0
at the reference point.
Malique: 'm not sure about that, Jason. It took 18 minutes to get from
Topeka to mile marker 363.
Susan: Well, is that the time, or is that the change in time?
Malique: What’s the difference?

As students arrive, they settle into their small groups and begin sharing
their ideas and questions from the homework assigned the previous night. It
can be quite challenging to create a learning environment in which students
engage in mathematical thinking outside class and are prepared to share their
discoveries and questions with peers the following class period. In this article,
we describe how we leverage the flipped classroom model to create such a
community.
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We
/ believe
~/ in the
power
of discussion and the
potential that it holds
for students’ sense mak-
ing in mathematics. Some-

( times, however, days of planned
&te\ instruction stretch into weeks
because more time is needed for stu-
dents to express their reasoning and
critique the reasoning of others. As teachers transi-
tion from lecture-based to discussion-based teach-
ing and learning, they might wonder, “How can I

build a mathematics learning commu-
nity using rich discussion of student work
and still have time to keep the intended pace
of the course?” The flipped classroom model has
helped us find an answer to this important ques-
tion. However, we are aware that the flipped class-
room does not automatically enhance mathematical
sense making (NCTM 2014). Here we describe a
process to facilitate classroom discussions, present
principles for flipped classroom instruction, and
use a classroom vignette to illustrate how we imple-
ment this process with students in our courses.

FOUR PHASES OF DISCUSSION
Mathematical discussions in our classrooms are
supported by flipped instruction and are guided
by a four-phase progression that is rooted in the
mathematics education literature (Smith, Bill,
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and Hughes 2008; Rubenstein, Beckmann, and
Thompson 2004). First, we present students with
a task and briefly draw their attention to prior
mathematical knowledge that they might use to
complete the task (the launch phase). Second, we
provide sufficient time for students to explore and
formulate their solutions to the task (the explora-
tion phase). Third, we select students to present
their work to the class (the presentation phase).
Fourth, we engage in a class discussion of the
presented work (the discussion phase). Most of
our university students have never experienced

a sustained exploratory and discussion-oriented
learning environment and require substantial time
to orient themselves during the launch and the
beginning of the exploration phase. Therefore, we
use the flipped classroom to facilitate these first two
phases—to kick-start, if you will, the subsequent
mathematical discussions.

Here is how this approach works. We design
out-of-class instruction to solidify students’ math-
ematical understandings developed in previous
classes and prepare them for tasks that they will
complete in an upcoming class session. To accom-
plish this, we create two-to-five-minute videos
(using a screencast tablet app such as Knowmia®,
ScreenChomp®, or Explain Everything™) that recap
related mathematical ideas from previous class ses-
sions, launch students’ exploration of a new task,
and solicit initial student solutions. Students com-
municate their initial solutions to us using technol-
ogy (by either typing their response or taking a pic-
ture of their work with a smartphone and sharing
through email or Dropbox® service). Students who
complete this instructional process before class are
prepared for in-depth investigations during the sub-
sequent class period. Moreover, this process allows
us to formatively assess students’ mathematical
thinking before class begins.
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FLIPPED-CLASSROOM PRINCIPLES
TO DEVELOP SENSE MAKING
As we plan our in-class and out-of-class flipped
instruction, we follow the general flipped class-
room principles listed below (Strayer, forthcom-
ing). The goal of our flipped instruction is always
to develop a sense-making community of math-
ematics learners. Indeed, these principles can help
all teachers heed NCTM’s warning in Principles to
Actions: Ensuring Mathematical Success for All
(NCTM 2014) that many flipped classrooms
attend more to the use of technology as a vehicle
for lecture than the promotion of conceptual
learning and student sense making (p. 80). The
vignette that we present illustrates how we apply
these principles to accelerate our move to the
discussion phase of instruction while teaching an
inverse functions lesson using the flipped class-
room model. We do not necessarily follow these
principles sequentially because all three prin-
ciples inform the decisions we make at different
moments during our flipped instruction.

The three flipped classroom principles are these:

® Principle 1: Use out-of-class tasks to encourage
student reflection and elicit a response from
students.

e Principle 2: Use in-class tasks to build new
knowledge as part of a learning community.

® Principle 3: Connect out-of-class and in-class
tasks using the same instructional approach.

AN INVERSE FUNCTIONS LESSON

In our university precalculus classrooms, we teach
students using the reform-minded and research-
based precalculus materials Pathways to Calcu-

lus (Carlson, Oehrtman, and Moore 2013). The
instructional goal for the task in the following
vignette was to develop a definition for inverse
functions that the entire classroom community—
that is, teacher and students—could agree on

and use.

Launch
To begin, we created a two-minute homework
video (tinyurl.com/MT-inverses) that
reminded students of a big idea that we had
encountered during a recent class discussion
related to function composition—namely,
that functions can be composed together so that
the output of one function becomes the input of a
second function. In keeping with principle 1, the
video asked students to reflect on the special case of
two functions that “undo” each other when com-
posed together (i.e., the case of inverse functions).
The video elicited responses by posing the problem
in figure 1 (along with a few similar problems) and
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asking students to communicate their responses to
us the night before the next class.

Explore

We launched this task outside class using the
flipped classroom model. As a result, students
began to imagine what it might mean for one func-
tion to “undo” another function before we devel-
oped a working definition of what it means for one
function to be the inverse of another. Students’
responses to part (ii) revealed the various ways

in which they formulated a function % that would
undo the multiplication by 5 process of function f
(see fig. 2). We took advantage of this variety in
student responses when planning instruction for
the following class session.

Because we value student sense making, we
began class by presenting students with a list of
their peers’ responses from the out-of-class task
(see fig. 2), challenged them to determine in small
groups which of the proposed formulas for % really
“undid” the function f, and asked them to defend
their choices in a discussion with their peers (per
principle 3). Selecting and sequencing the student
work from the previous day’s homework for in-
class discussion induced a conflict for students to
resolve.

Coauthor Hart leveraged the induced conflict to
achieve the lesson goal of developing a shared defi-
nition of function inverses. Initially, his students
struggled in small groups to determine and defend
correct responses. To help students accept their
own mathematical authority in the classroom com-
munity, Hart made an in-the-moment instructional
decision and challenged students to complete the
following sentence as a way of moving forward: “If
a function 72 undoes a function f, then . .. .”

Students attempted to complete this stem in
small groups. One group of students proceeded in
the following way:

Malique: Abby, you have some good-looking
answers to last night’s homework. How should
we finish this sentence?

Abby: If a function k undoes a function f, then the
output of & is always the input of f.

Malique: 1 don’t know about that, Abby. I think it
should be “If a function % undoes a function f,
then the input of % is always the output of f.”

Jason: Yeah, I agree, Malique. The output of f
must always be the input of k. [Notice that this
statement is reflected in formulations 5 and 8 in

fig. 2]

Present
Abby’s group then wrote Malique’s sentence on the
whiteboard, while another group wrote the equiva-

A function f multiplies its input values x by 5;
that is, f(x) = 5x. For example, if you multiplied
an input of 7 by 5, your output would be 35.

(i) What process undoes the process of multi-
plying each input value by 5?

(i1) Define a function % that undoes the process
of f.

(i11) If you input 35 into the function £, the
inverse process of f that you defined in (ii),
what is the output?

Source: Carlson, Oehrtman, and Moore (2013), p. 101

Fig. 1 This question was launched in the homework video.
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Fig. 2 Students submitted a variety of formulas to answer
question (ii).

lent of Abby’s original sentence on the whiteboard,;
a third group was stumped. Notice that neither
Malique’s nor Abby’s statement is entirely correct.
Not wanting to interrupt student sense making but
recognizing the need for additional prompting, Hart
drew the picture shown in figure 3 of a function &
that does not undo fyet agrees with the sentences
the students had written. He then asked the groups
to discuss whether the diagram correctly depicts
an inverse function and the statements they had
written.

Several students in the “stumped” group had not
completed their homework the night before and
were encountering these ideas for the first time.
Nonetheless, this group moved forward, as evi-
denced in the following discussion:
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Domain of h

Domain of f

Fig. 3 Coauthor Hart drew this picture to support a class discussion of students’
developing understanding of inverse functions.
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Fig. 4 Students propose a definition: Abby's initial statement (a); Malique's revised
statement (b); Deneae’s statement (¢).
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Deneae: Brent, what do you think about the
diagram?

Brent: Well, f(x) is defined to be the output of f; so
I guess the way Dr. Hart wrote it, the input of &
is the output of f.

Zeke: 1 don’t think & really undoes f, though.

Brent: Why not, Zeke?

Zeke: Because h sent f(x) to 3 instead of to x, so i
does not undo f.

Deneae: Oh, 1 think I see it now. Whenever 7 is
applied to an output of f, we have to get the origi-
nal input into f.

Zeke: Sweet! Write that up on the board for us.

Discuss

At this point, three groups had written their ver-
sion of the challenge sentence on the board (see
figs. 4a, 4b, and 4c¢). Hart called the class together
and asked students to compare these three sen-
tences with the diagram in figure 3. During the
ensuing whole-class discussion, students shared the
following thoughts:

Abby: 1 think the picture on the board does repre-
sent my statement. The circle that is the input
of f'is the circle that & sends all of its outputs
to. But...Idon’t know...Idon’t think that is
what I meant . . .

Malique: Right! The picture represents my state-
ment, too. But . . . it doesn’t represent what I
was thinking. I think . . . I was trying to say
what Deneae said. If & undoes f, then & would
send f(x) back to x, and the picture doesn’t show
that.

Deneae: 1 agree. If the picture represented my state-
ment, 7 would need to close the loop and send
Sfx) back to x.

The class agreed with Deneae. Reasoning from
the visual representation of the function composi-
tion, members of the class said it was “obvious”
that % in the diagram did not undo fbecause it did
not “close the loop” from x to f(x) and back to x.
Having eliminated the first two sentences from
consideration, the class determined that Deneae’s
sentence was needed for % to undo f.

With the definition from Deneae’s group in
hand, Hart sought to connect students’ develop-
ing understanding of inverse functions to the
out-of-class work once again (see principle 3). He
returned the small groups to their original planned
task—determining which, if any, of the solutions
submitted from the homework the night before (see
fig. 2) really undo the function f(x) = 5x. He sug-
gested that they use their newly constructed defini-
tion (see fig. 4¢) and consider the case where x =7
is the input value for f.



Here is an example of the resulting discussion:

Janelle: Formula 1 does not work at all—~ should
use division, not suptraction.

Willard: Right, Janelle, and formula 2 doesn’t
work either, because we should divide by 5, not
by x.

Jesse: I guess formula 3 is kinda composing 7 with
itself—that doesn’t work.

Janelle: Right, Jesse. Formulas 4 and 7 don’t tell
us what to do when we input something into ,
but I don’t know about the others. They all look
kinda the same.

Willard: Yeah, Janelle. I don’t know about the
others. I mean, don’t formula 6, i(x) = x/5, and
formula 5, h(f(x)) =f(x)/5, just say the same
thing?

Janelle: Maybe. But I don’t get how x can be one
thing and then another in the same problem . . .
if formula 6 is correct, then you start with x =7
in fearlier in the problem, but later you say
x =35 1in h for formula 6. I don’t get it.

Jesse: Yeah, Janelle, I get what you’re saying.

Janelle’s dilemma exposed students’ difficulty
with understanding x as an input variable that can
take on any number of different values. At this

It may be surprising that, because the
student groups’' conversations occurred
simultaneously, all the discussion took only
about thirty minutes.

point, Hart concluded this task through whole-class
discussion.

Dr. Hart: Everybody, remember that when we are
working with functions, x is not a fixed value
but can take on many different values. It’s really
just a placeholder.

Brent: Yeah, OK. If that’s true, I guess [formula 6]
is probably the best answer.

[A large majority of the class nods in agreement.]

Susan: 1 don’t know, Brent. Since % needs to work
on the output of f, I think [formula 8] is better.

James: Why is that, Susan?

Susan: Well, it’s got f(x) as the input into h.

Of course, Susan’s observation is correct in some
respects. With more mathematical sophistication
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It would have been difficult for students

to experience such rich discussion had they
not engaged in the launch and the explore
phases of the first task before class.

With this model of flipped instruction, students
take the necessary time to think individually about
critical mathematical concepts before engaging in
community presentation and discussion. This ini-
tial “think time” promotes equity among those stu-
dents who struggle to express their thinking when

than we would usually say in precalculus, we know
that a function f has an inverse if and only if fis a
bijection onto its range. In this regard, every input
y into the inverse & is really f(x) for some x in the
domain of f. Hart acknowledged Susan’s concern,
but, not wanting to enter into a theoretical discus-
sion on the merits of that concern, he closed the
exercise by saying that formula 6 represents the
inverse in the most general way as a function in its
own right.

It may be surprising that, because the student
groups’ conversations occurred simultaneously,
all the discussion in this vignette took only about
thirty minutes. Subsequently, the students com-
pleted a second problem in which they developed
the inverse of the function that converts degrees
Celsius to degrees Fahrenheit.

Using the flipped classroom model to elicit stu-
dent responses before class made it possible for
Hart’s students to engage in a deep discussion dur-
ing class while reasoning with multiple representa-
tions of functions (symbols, words, and diagrams).
It would have been difficult, if not impossible, for
students to experience such rich discussion in one
thirty-minute class segment had they not engaged
in the launch and the explore phases of the first
task before class. More important, because Hart
had solicited and selected a list of student responses
before class, he was able to use the variety of stu-
dent solutions presented to the class (see fig. 3)
and the subsequent discussion to motivate the com-
munity of learners to take ownership of an abstract
topic, something that could not have occurred with-
out the flipped classroom kick-start.

OUTSIDE “THINK TIME" PAVES THE WAY
Student learning in a mathematical community
can be facilitated through the launch, exploration,
presentation, and discussion of mathematical tasks.
In the past, this four-phase process could easily take
up an entire class session for just one task. Our use
of flipped instruction to kick-start the launch and
exploration phases, however, presents one possible
way to help students complete multiple in-depth
tasks in one class session by “judiciously adopt[ing]
technology that supports effective instruction”
(NCTM 2014, p. 80).
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first introduced to new mathematical ideas during
class. Moreover, teachers are able to monitor stu-
dent work before class so that we are better pre-
pared to facilitate productive mathematical discus-
sions in class. Most important, we see this approach
to flipped instruction as one that can help teachers
maintain consistency both inside and outside class,
so that students acquire improved mathematical
practices of sense making while also gaining a deep
and connected understanding of a course’s key
mathematical ideas.
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